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Abstract
In this article we inspect the dynamics of classical field theories with a local con-
formal behavior. Our interest in the multisymplectic setting comes from its suitable
description of field theories, and the conformal character has been added to account for
field theories that are scale invariant, flat spaces, and because some conformal fields can
be exactly solved or classified. In particular, we will solve the example of a conformal
scalar field using the geometric Hamilton–Jacobi theory that is explicitly proposed for
conformal fields on a multisymplectic manifold. To complete the geometric approach
to study field theories, we propose the Hamilton–Jacobi theory for conformal fields in
a Cauchy data space, in which space and time are split separately and the dynamics is
depicted in an infinite-dimensional manifold.
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1 Introduction
The construction of field theories in Physics has a long history, going back to Volterra’s
work in the XIX century, when a classical field theory was pursued to predict how one
or more physical fields interact with matter through field equations. From there, the term
classical field theory was coined for physical theories as electromagnetism and gravitation,
and also incorporated to quantum mechanics as well.
Classical field theory deals with fields, or quantities asigned at each point of space and time,
like the value of an electromagnetic field at a particular point. Hence, the classical Hamil-
tonian framework of classical mechanics needed to be extended to these geometric objects
called fields. Analogously to the case of mechanics, we propose the study of general multi-
phase spaces, where the setting of a symplectic manifold is replaced by a multisymplectic
one, which is not only important to develop a field theory, but also for the quantization
of mechanics. The geometric foundations of field theory and variational calculus were not
established propertly until the 60’s, with the advent of gauge theories [1, 21, 27, 28]. We
cite [13, 14] for some fundamentals.
Inspired by conformal symplectic structures as a generalization of symplectic structures,
we have generalized the concept of multisymplectic structure to conformal multisymplectic
structures, which are structures that locally are equivalent to a multisymplectic manifold,
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but the local multisymplectic structure is only well-defined up to scaling by a constant,
and the monodromy of the local multisymplectic structure around curves may induce these
rescalings [34].
So, one main aim of this paper is to generalize the locally conformal symplectic formulation
of nonautonomous mechanics to first-order locally conformal multisymplectic field theories.
We aim at pursuing field theories whose Hamiltonians or dynamical variables are defined
in open subsets of a manifold. In those subsets, these systems behave geometrically like
multisymplectic fields, although the complete global dynamics fails to be multisymplectic.
This phenomenom appears, for example, in some field theories with nonlocal potentials.
Field theories with such local and global characteristics will be referred to as dynamical
systems on a locally conformal multisymplectic (l.c.m.-s) manifolds, from a geometric point
of view. Let us explain this local setting more explicitly.
One can exploit the parallelism between Classical Mechanics and Classical field theories,
but one needs to be very careful. Indeed, instead of a configuration manifold, we have now a
configuration bundle pi : E →M such that its sections are the fields and the m dimensional
manifold M is the space-time manifold.
The Lagrangian density depends on the space coordinates (and time), the fields and their
derivatives, so it is very natural to take the manifold of 1-jets of sections of pi, i.e., J1pi, as the
generalization of the tangent bundle in Classical Mechanics. Then, a Lagrangian density
is a fibered mapping L : J1pi → ΛmE. From the Lagrangian density one can construct
the Poincare´-Cartan form which gives the evolution of the system. On the other hand,
the spaces of 1- and 2-horizontal m-forms on E with respect to the projection pi, denoted
respectively by Λm2 E and Λ
m
1 E, are the bundles where the Hamiltonian picture of the theory
is developed. To be more precise, the phase space is just the quotient J1pi∗ = Λm2 E/Λ
m
1 E.
The Hamiltonian density is a section of Λm2 E → J
1pi∗ (the Hamiltonian function appears
when a volume form η on M is chosen, such that H = Hη. The Hamiltonian section H
permits just to pull-back the canonical multisymplectic of Λm2 E to a multisymplectic form
on J1pi∗. Of course, both descriptions are related by the Legendre transform which send
solutions of the Euler-Lagrange equations into solutions of the Hamilton equations. One
important difference with the case of mechanics is that now we are dealing with partial
differential equations and we lost in principle the integrability. In any case, the solutions in
the Lagrangian, as well as in the Hamiltonian side can be interpreted as integral sections
of Ehresmann connections.
Another motivation for this formulation is the following. As is well known, there is no
canonical model for the Hamiltonian first-order field theory. To overcome difficulties in
the definition of Poisson brackets, reduction, etc., we use the extended multi-momentum
bundle, denoted by Λm2 E, which is analogous to the extended phase space T
∗(Q× R) of a
nonautonomous mechanical system. Λm2 E has a canonical multisymplectic form since it is
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a vector subbundle of a multicotangent bundle. In this manifold the physical information
is given by a Hamiltonian (one-)form. Then, Hamiltonian systems can be introduced as in
autonomous mechanics, by using certain kinds of Hamiltonian multivector fields. The resul-
tant extended Hamiltonian formalism is the generalization to field theories of the extended
formalism for nonautonomous mechanical systems [8, 30].
There exists an alternative way of studying classical field theories, this one involves an
infinite dimensional setting. The idea is to split the spacetime manifold E in time and
space. To do this, we need to take a Cauchy surface, that is, a n-dimensional submanifold
N of M such that (at least locally) we have M = R × N . So, the space of embeddings
from N to J1pi∗ is known as the Cauchy space of data for a particular choice of a Cauchy
surface. This allows us to integrate the multisymplectic form on J1pi∗ to the Cauchy data
space and obtain a presymplectic (indeed, precosymplectic) infinite dimensional system,
whose dynamics is related to the HDW equations for H [4].
In order to reproduce the dynamics in conformal multisymplectic manifolds and in the
conformal Cauchy data space, we shall propose a Hamilton–Jacobi theory (HJ theory).
There are several choices for describing the dynamics of dynamical systems and physical
fields, from a Newtonian to a Hamiltonian formalism. Our choice is the Hamilton–Jacobi
theory, it probably constitutes the third most important theory in classical mechanics and
it is very useful under certain circumstances. For example, when the forces acting on the
physical problem derive from a separable potential, the Hamilton–Jacobi equation can be
our preferred option. Let us recall such equation. In the case of the time-independent
Hamilton-Jacobi equation (HJE) takes the form:
H
(
qi,
∂W
∂qi
)
= E (1)
with E is a constant. In the symplectic case, this equation can be interpreted geometrically
with a primordial observation that if a Hamiltonian vector field XH : T ∗Q→ TT ∗Q can be
projected into a vector field XdWH : Q→ TQ on a lower dimensional manifold by means of a
1-form dW , then the integral curves of the projected vector field XdWH can be transformed
into integral curves of XH provided that W is a solution of (1). If we define the projected
vector field as:
XdWH = Tpi ◦XH ◦ dW, (2)
where Tpi is the induced projection on the tangent space, Tpi : TT ∗Q → T ∗Q by the
canonical projection pi : T ∗Q→ Q, it implies the commutativity of the diagram below:
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T ∗Q
pi

XH // TT ∗Q
Tpi

Q
dW
>>
XdW
H // TQ
where ImdW is a Lagrangian submanifold, since dW is exact and then, it is closed. This
condition gave rise to the introduction of Lagrangian submanifolds, which are very im-
portant objects in Hamiltonian mechanics, since the dynamical equation (Hamiltonian or
Lagrangian) can be described as a Lagrangian submanifolds of convenient symplectic man-
ifolds. So, we enunciate the following theorem.
Theorem 1 For a closed one-form γ = dW on Q the following conditions are equivalent:
1. The vector fields XH and X
γ
H are γ-related, that is
Tγ ◦XγH = XH ◦ γ. (3)
2. The following equation is fulfilled
d (H ◦ γ) = 0.
The first item in the theorem says that if
(
qi (t)
)
is an integral curve of XγH , then(
qi (t) , γj (q (t))
)
is an integral curve of the Hamiltonian vector field XH , hence a solution
of the Hamilton equations. The solution of the Hamiltonian equations is called horizontal
since it is on the image of a one-form on Q. In the local picture, the second condition implies
that exterior derivative of the Hamiltonian function on the image of γ is closed, that is,
H ◦ γ is constant. Under the assumption that γ is closed, we can find (at least locally) a
function W on Q satisfying dW = γ. Here γ is the solution of the HJ equation and it is a
Lagrangian submanifold on T ∗Q. It was Tulczyjew who pioneered the characterization of
the image of local Hamiltonian vector fields on a symplectic manifold (M,ω) as Lagrangian
submanifolds of a symplectic manifold (TM,ωT ), where ω is the tangent lift of ω to TM
[33]. This result was later generalized to Poisson manifolds [15] and Jacobi manifolds [19].
The HJ theory and the corresponding Lagrangian submanifolds have also been proposed
in multisymplectic settings [26] and here we aim to extend it to conformal multisymplectic
field theories.
The outline of the paper goes as follows. In Section 2 we review the fundamentals of
multisymplectic manifolds and Hamiltonian dynamics on such manifolds. We recall the
Hamilton-De Donder-Weyl equations and Ehresmann connection and propose a strictly
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geometrical Hamilton–Jacobi theory on multisymplectic manifolds, in comparison to the
former Hamilton–Jacobi theorems formulated in coordinates. In Section 3 we introduce the
notion of locally conformal multisymplectic framework and the fundamentals of geometry
on such manifolds. We propose the HDW equations on locally conformal multisymplectic
manifolds and a Hamilton-Jacobi theory in terms of a connection. Section 4 contains two
examples: the problem of conformal time-dependent mechanics and conformal scalar fields.
In Section 5 we go a step forward with our theory by considering a infinite dimensional
space, i.e., the dynamics will be described in a Cauchy data space. As a last result, we
present a Hamilton-Jacobi theory for conformal fields in the Cauchy data space.
From now on, assume all mathematical objects to be C∞, globally defined and that mani-
folds are connected. This permits us to suit technical details while highlightning the main
aspects of the theory.
2 Hamiltonian Mechanics in a Multisymplectic Framework
2.1 Multisymplectic Manifolds
A closed and 1-nondegenerate r-form Ω on a manifold P is called a multisymplectic r-form,
and the pair (P,Ω) is called an (r-)multisymplectic manifold, see for example [1, 3, 6, 7, 12].
Recall that a r-form is 1-nondegenerate if the equation ιV Ω = 0 implies V = 0, with
V ∈ TP .
Submanifolds. Consider a vector subbundle F of the tangent bundle TP of a multisym-
plectic manifold P . The l-orthogonal complement F⊥,l of F is also a vector subbundle of
TP defined pointwisely by
F⊥,lp = {Vp ∈ TpP : Ωp(Vp, V1, . . . , Vl) = 0, ∀V1, . . . , Vl ∈ Fp}. (4)
Let S be a submanifold of a multisymplectic manifold P . S is said to be l-isotropic sub-
manifold if the tangent space TpS is a subspace of its l-orthogonal TpS⊥,l, we say that
S is a l-coisotropic submanifold if TpS⊥,l is a subspace of TpS, and it is said that S is a
l-Lagrangian submanifold if TpS is precisely equal to TpS⊥,l for all p in S. We particu-
larly call (r − 1)-Lagrangian submanifold of an r-multisymplectic manifold as Lagrangian
submanifold.
Bundle of k-forms. Let N be a smooth manifold, and ΛkN be the bundle of k-forms on
N . With the projection ζ from ΛkN to N , the three-tuple (ΛkN, ζ,N) turns out to be a
fiber bundle. There is a tautological k-form Θ over the total space ΛkN . For any ω in ΛkN ,
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the value of Θ(ω) over k vectors, denoted by v1, ..., vk, is given by
Θ(ω)(v1, ..., vk) = ω(Tωζ(v1), ...,Tωζ(vk)). (5)
Then, minus of the exterior derivative Ω = −dΘ becomes a multisymplectic k + 1-form
on ΛkN . The pair (ΛkN,Ω) is a generic example of multisymplectic manifolds. For an
arbitrary k-form κ on the base manifold N , that is a section ΛkN 7→ N , it is straight
forward calculation to show that
κ∗Θ = κ, κ∗Ω = −dκ. (6)
As a manifestation of the latter identity, it is immediate to see that, a k-form κ on N is
closed if and only if κ∗Ω vanishes identically. This implies that the image space of a section
κ is a Lagrangian submanifold if and only if it is closed.
The space of two-horizontal forms. Consider a fiber bundle (E, pi,M) where the base
manifoldM ism-dimensional manifold equipped with a volume form η. We denote the space
of m-forms on E by ΛmE, and define a vector subbundle of ΛmE, denoted by Λm2 E, con-
sisting of two-horizontal differential forms with respect to the fibration pi. In the literature,
Λm2 E is called multi-momentum bundle as well. Pointwisely, for any e in E,
(Λm2 E)e = {ω ∈ Λ
m
e E : ιv2ιv1ω = 0, ∀v1, v2 ∈ Vepi}, (7)
where Vpi is the vertical bundle with respect to the projection pi. Being a bundle of m-
forms, ΛmE is a multisymplectic manifold equipped with the canonical m-form Θ and
multisymplectic (m+ 1)-form Ω as presented in the previous paragraph. We restrict these
forms to the subbundle Λm2 E and denote these restricted differential forms by Θ2 and Ω2,
respectively. It is possible to show that the pair (Λm2 E,Θ2) turns out to be a multisymplectic
manifold [3]. In the light of the second identity in (6) we can argue that the image space of
the section γ¯ of the fibration Λm2 E 7→ E is a Lagrangian submanifold of the multisymplectic
manifold Λm2 E if and only if it is closed.
The dual jet bundle. Consider now the multisymplectic manifold (Λm2 E,Ω2) defined in
the previous paragraph. Denoting the bundle of horizontal m-forms on E as Λm1 E, we define
a new bundle by taking the quotient
J
1pi∗ = Λm2 E/Λ
m
1 E. (8)
This quotient bundle coincides with the affine dual of the first jet bundle J1pi, i.e., it is J1pi∗
of the fiber bundle pi : E 7→M , see [31]. Further, there exists a canonical projection µ that
maps a differential form in Λm2 E to the equivalence class in J
1pi∗ that it belongs to. Hence,
the triple (Λm2 E,µ, J
1pi∗) is a principal fiber bundle with a structure group diffeomorphic
to R. Here, the action of the group R on the total space Λm2 E with translations is of the
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following form
R× Λm2 E → Λ
m
2 E, (t, ω) 7−→ t · η + ω, (9)
where η denotes the volume form on M and its the pullback to any fibered bundle over M
will be denoted by the same letter. Both Λm2 E and J
1pi∗ are vector bundles over E with
projections ν¯, and ν, respectively. We compose these projections with pi and arrive at two
projections τ¯ := pi◦ ν¯ and τ := pi◦ν from Λm2 E and J
1pi∗ to the base spaceM . The following
diagram illustrates the projections and the sections in one look. Notice that, φ¯ and φ are
sections of the fibrations τ¯ and τ , respectively.
Λm2 E µ
//
ν¯
""❊
❊❊
❊❊
❊❊
❊
τ¯
✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
✸✸
J
1pi∗
ν
}}③③
③③
③③
③③
③
h
tt
τ
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
☞☞
☞
E
pi

M
φ¯
QQ
φ
MM (10)
Local coordinates. Assume that, M is m-dimensional with local coordinates (xi), and
dmx is local realization of the volume form η on M . On E, we can find bundle coordinates
(xi, uα) in which the volume form has that particular form. Then on the space of two-
horizontal m-forms Λm2 E, the induced coordinates are computed to be (x
i, uα, p, piα), so
that Θ2 and Ω2 become
Θ2 = pdmx+ piαdu
α ∧ (∂iydmx)
Ω2 = −dp ∧ dmx− dpiα ∧ du
α ∧ (∂iydmx),
(11)
respectively. Here, ∂iydmx denotes the contraction of the volume form dmx with the vector
field ∂/∂xi. In this local realization, the action in (9) turns out to be
R× Λm2 E −→ Λ
m
2 E, (t, (x
i, uα, p, piα)) 7→ ((x
i, uα, t+ p, piα)). (12)
The infinitesimal generator Yµ of this motion is computed to be ∂/∂p. This one-dimensional
vector field generates the vertical bundle Vµ as well. So that, the induced coordinates on
the quotient space J1pi∗ are (xi, uα, piα).
2.2 Hamiltonian Dynamics in Multisymplectic Manifolds
Consider again a fiber bundle (E, pi,M), and recall the principal bundle (Λm2 E,µ, J
1pi∗)
presented in the previous subsection. A section, denoted by h, of the fibration µ is called a
Hamiltonian section. In the multisymplectic realization of the field theory, the Hamiltonian
dynamics is encoded in those sections [4, 10].
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Hamiltonian sections and Hamiltonian densities. We denote the infinitesimal gener-
ators of the action (9) by Yµ. It can be easily established that, for a Hamiltonian section h,
there exists a corresponding real valued function, say H¯, satisfying that Yµ(H¯) is the unity.
Further, again for a Hamiltonian section h, there exists a unique Hamiltonian density, that
is a fiber preserving map H from Λm2 E to the space Λ
mM of top-forms on M such that
ιYµdH equals η. For a Hamiltonian section h, the corresponding Hamiltonian density is
defined to be
H : Λm2 E −→ Λ
mM, ω 7→ ω − h(µ(ω)). (13)
Conversely, for a Hamiltonian density H, the corresponding Hamiltonian section is charac-
terized by the condition that the image space of h is the preimage of 0 under H.
Hamilton-De Donder-Weyl (HDW) equation. We present two equivalent definitions
of the Hamilton-De Donder-Weyl (HDW) equation. The first one is defined in terms
of Hamiltonian densities. Let H be a Hamiltonian density. Consider the fiber bundle
(Λm2 E, τ¯ ,M) where the projection is defined to be τ¯ = pi ◦ ν¯, see the diagram in (10).
A critical point of H is a (local) section φ¯ of the bundle τ¯ that satisfies the (extended)
Hamilton-De Donder-Weyl equation
φ¯∗ιX¯(Ω2 + dH) = 0, (14)
for any vector field X¯ on Λm2 E. Here, Ω2 is the multisymplectic (m + 1)-form on Λ
m
2 E
presented in (11). In (14), we can choose X¯ as vertical vector fields with respect to the
projection τ¯ as well, [8].
Reduced HDW equations. An alternative realization of the Hamiltonian dynamics on
the present geometry is available in terms of Hamiltonian sections. This time consider the
fiber bundle (J1pi∗, τ,M) where the projection is defined to be τ = pi ◦ ν. A critical point of
a Hamiltonian section h is a section φ of τ satisfying the reduced HDW equations
φ∗ιXΩh = 0, (15)
for any vector field X on J1pi∗. In (15), we can choose vertical vector fields X with respect
to the projection τ , [8]. Here, Ωh is a (m+ 1)-form on J1pi∗ defined by
Ωh = h
∗Ω2. (16)
The Liouville form θh is related to Ωh though Ωθ = −dθθh. Note also that h∗dH is identically
zero, so, we can rewrite (16) by adding the term h∗dH to the right hand side as well. Both
of the formulations in (14) and (15) result with the same dynamics if H and h are related as
in (13). Recall the equations given in (6) determining the pull-back of the canonical forms,
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for a section ζ of the bundle (J1pi∗, ν, E), we have
ζ∗θh = h ◦ η, ζ∗Ωh = −d(h ◦ η). (17)
HDW equations with an Ehresmann Connection. One can also write an infinitesimal
counterpart of HDW equations using an Ehresmann connection. Recall the fiber bundle
(TJ1pi∗, τ,M), see the diagram in (10). An Ehresmann connection for this fibration consists
on determining a distribution H in J1pi∗ that is complementary to the vertical subbundle
Vτ with respect to the fibration τ . So that we can write
TJ1pi∗ = H⊕ Vτ. (18)
This reads a horizontal projector h which maps a tangent vector in TJ1pi∗ to its horizontal
part in H.
Notice that h can be considered as an element of the tensor product ΛmM⊗TJ1pi∗ as well.
We may perform tensor contraction ιhΩh where Ωh is the multisymplectic (m + 1)-form
defined in (16). This operation results in another (m + 1)-form. If the projector h of an
Ehresmann connection satisfies
ιhΩh = (m− 1)Ωh (19)
An integral section of h is a section φ of the projection τ so that the image of the tangent
mapping of φ takes values in H. In other words, if φ is an integral section of h then for a
projectable vector field Z on J1pi∗, the following identity holds
Tφ ◦ Tτ ◦ Z = h ◦ Z. (20)
Any integral section φ of the connection is a solution of the Hamilton equations. It is a
matter of a direct calculation now to show that such an integral section coincides with
those solving the HDW equations (15).
Local coordinates. Recall the coordinates (xi, uα) on the total manifold E, and the the co-
ordinates (xi, uα, p, piα) on Λ
m
2 E. In terms of the coordinates, the relationship (13) between
a Hamiltonian section and Hamiltonian density is computed to be
h(xi, uα, piα) = (x
i, uα, p = −H(xi, uα, piα), p
i
α). (21)
Accordingly, the Hamiltonian density can be written as
H(xi, uα, p, piα) = (p+H(x
i, uα, piα))dmx (22)
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where the local function H in this definition is called the Hamiltonian function. We remark
that the Hamiltonian function H in (22) must not be confused with the globally defined
mapping H¯ satisfying H = H¯η. In this local picture, the (m+ 1)-form Ωh on J1pi∗ defined
in (16) becomes
Ωh = dH ∧ dmx− dpiα ∧ du
α ∧ (∂iydmx). (23)
In local coordinates, the Ehresmann connection has the form
h = dxj ⊗
(
∂
∂xj
+ Γαj
∂
∂uα
+ Γiαj
∂
∂piα
)
, (24)
where Γuj and Γ
i
αj are Christoffel symbols. A section φ of τ can be written in coordinates
as (xi, φα(x), φiα(x)). A section is an integral section of the connection h if
Γαi =
∂φα
∂xi
, Γiαj =
∂φiα
∂xj
. (25)
Straightforward computations show that locally, the HDW equations in (15) and (19) are
the same as the system of equations
∂φα
∂xi
=
∂H
∂piα
◦ φ,
∂φiα
∂xi
= −
∂H
∂uα
◦ φ. (26)
2.3 A Hamilton-Jacobi theory for HDW Equations
Consider a bundle (E, pi,M), and recall the fibrations exhibited in diagram (10). Let us now
choose a connection h on the bundle (J1pi∗, τ,M) determining the horizontal subbundle H.
Assume a section γ¯ of the fibration (Λm2 E, ν¯, E), and referring to this section, we will define
a connection on (E, pi,M) as follows. First, define a section γ of (J1pi∗, ν, E) by taking the
composition of γ¯ and the projection µ, that is γ = µ ◦ γ¯. Now, take a vector field X on E
and choose a vector field Y on J1pi∗ projected to X. Then, a connection on pi is defined to
be
hγ : TeE −→ Hγe , X(e) 7→ Tν ◦ h ◦ Y ◦ γ(e). (27)
Here, Hγ is the horizontal bundle complementing Vpi in a direct sum decomposition of TE.
A direct observation tells us that the definition in (27) results in the same connection if one
changes the chosen field Y with another vector field projected on X. Here is a commutative
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diagram summarizing the present situation:
J
1pi∗
Y //
ν

T (J1pi∗)
Tν

h //H
Tν

E
γ
FF
X // TE
hγ // Hγ
(28)
Let us state now a Hamilton-Jacobi theorem for the present setting. For this we consider a
connection h of the bundle (J1pi∗, τ,M) satisfying the HDW equations (19).
Theorem 2 Assume that γ¯ is a closed section of (Λm2 E, ν¯, E), and that the section γ = µ◦γ¯
induces a flat connection hγ referring to the definition (27). Then the following conditions
are equivalent:
1. If σ is an integral section of hγ then γ ◦ σ is a an integral section of h,
2. h ◦ γ is closed, where h is the Hamiltonian section.
In order to prove this theorem in a coordinate invariant way, we first present two lemmas.
Accordingly, we recall the diagram (10) and identify in it the sections that we recently
introduced.
Λm2 E µ
//
ν¯
""❊
❊❊
❊❊
❊❊
❊
J
1pi∗
ν
}}③③
③③
③③
③③
③
h
tt
E
γ¯
UU
γ
JJ
pi

M
σ
AA
(29)
Notice that the bundle projections allow the definition in T(J1pi∗) of two vertical subbundles
namely Vτ and Vν being the kernels of the tangent mappings Tτ and Tν, respectively.
Lemma 1 Let η be a section of the fibration ν. On the image space of η we have
Vτ = Tη(TE)⊕J1pi∗ Vν. (30)
Proof of Lemma 1. First notice that Tη is injective, and that dimVτ equals to the sum of
dimTη(TE) and dimVν. Assume an element w in the intersection Tη(TE) ∩ Vν. So that,
there exists a vector v in TE so that w = Tη(v). On the other hand, being a vertical vector
we have Tν(w) = 0. Accordingly,
Tν ◦ Tη(v) = T(ν ◦ η)(v) = idTE(v) = 0 (31)
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which implies that v = 0, and it follows that w = Tη(v) = 0. 
A corollary of Lemma 1 is that on the image space of η, each vector field Y on J1pi∗ with
values in Vτ can be written as
Y = η∗(X) + Z (32)
where X is a vector field on E and Z is a vector field on J1pi∗ that takes values in Vν.
Lemma 2 Let σ be an integral section of the connection hγ in (27) which is the reduced
form of the connection h solving the HDW equations (19), and consider a section η of the
projection ν. Then, recalling Ωh in (16),
(η ◦ σ)∗ιZΩh = 0 (33)
for any vector field Z : J1pi∗ → Vν.
Proof of Lemma 2. In coordinates, we have η ◦ σ(x) =
(
xi, σα(x), ηiα(σ
β(x))
)
. Since σ is
an integral section of hγ we have
∂σα
∂xi
=
∂H
∂piα
. (34)
A straightforward calculation shows that for any vector field Z = Ziα
∂
∂piα
we have
(η ◦ σ)∗ιZΩh = Ziα
( ∂H
∂piα
−
∂σα
∂xi
)
dmx.
Therefore from (34) we obtain the lemma. 
Now we are ready to prove Theorem (2.3).
Proof of Theorem 2.3. (1) =⇒ (2): Assume now that σ is an integral section of hγ and
that γ ◦ σ is a solution of the HDW equations, that is, γ ◦ σ is an integral section of the
connection h. We want to show that the form
h ◦ γ : E → Λm2 E
is closed. For an arbitrary set {w1, . . . , wm+1} of vector fields on the base manifold M ,
we introduce the following notation (γ ◦ σ)∗wi = T (γ ◦ σ)wi = Tˆwi and (h ◦ γ ◦ σ)∗wi =
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T (h ◦ γ ◦ σ)wi = T˜wi, so we compute
(γ ◦ σ)∗(ιXΩh)(w1, . . . , wm+1) = (ιXΩh)
(
(Tˆw1, . . . , Tˆwm+1
)
= Ωh
(
X, Tˆw1, . . . , Tˆwm+1
)
= h∗Ω2
(
X, Tˆw1, . . . , Tˆ wm+1
)
= Ω2
(
h∗X, T˜w1, . . . , T˜ wm+1
)
= 0
which is valid for any vector field X. In particular, we choose X in the form γ∗S where S
is a vector field on E. Then we continue the previous calculation as follows
Ω2
(
h∗X, T˜w1, . . . , T˜wm+1
)
= Ω2
(
(h ◦ γ)∗S, T˜w1, . . . , T˜wm+1
)
= (h ◦ γ)∗Ω2
(
S, σ∗w1, . . . , σ∗wm+1
)
= −d(h ◦ γ)
(
S, σ∗w1, . . . , σ∗wm+1
)
where we have employed the second identity in (17) in the fourth line of this computation.
The condition that γ is a closed form guarantees that d(h ◦ γ) is still a two-horizontal form
which means that contracted with two vertical vectors of VE gives zero. Therefore, we
obtain
d(h ◦ γ) = 0.
(2) =⇒ (1): Let us assume now that the second condition in the statement of the theorem
holds i.e. d(h ◦ γ) = 0 and that σ is an integral section of hγ . In this case, we want to show
that γ ◦ σ is a solution of the HDW equations. For any vector field S on M and for an
arbitrary set {w1, . . . , wm+1} of vector fields on M , we have
d(h ◦ γ)
(
S, σ∗w1, . . . , σ∗wm+1
)
= −(h ◦ γ)∗Ω2
(
S, σ∗w1, . . . , σ∗wm+1
)
= −γ∗Ωh
(
S, σ∗w1, . . . , σ∗wm+1
)
= −γ∗ιXΩh
(
σ∗w1, . . . , σ∗wm+1
)
= 0
where X is assumed to be γ∗(S). Here, in the second equality we have employed (6). Next
we have
γ∗ιXΩh
(
σ∗w1, . . . , σ∗wm+1)
)
= (γ ◦ σ)∗ιXΩh
(
σ∗w1, . . . , σ∗wm+1
)
.
Therefore we obtain
(γ ◦ σ)∗ιXΩh = 0,
for any vector field X = γ∗(S). What is more, from Lemma 2 we know that the above
equation is satisfied by any vertical vector field Z. This gives that γ ◦ σ is a solution of the
HDW equations. 
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Local coordinates. Let us assume now that λ = dS where
S = Si(xi, uαj )∂iydmx
is a 1-semibasic form on E. Then in local coordinates the equation d(h ◦ µ ◦ γ) = 0 is
equivalent to
∂Si
∂xi
+H
(
xi, uαj ,
∂Si
∂uαj
)
= f(xi). (35)
where f is a real valued function on M .
3 Locally Conformal Multisymplectic Framework
3.1 Locally Conformal Multisymplectic Manifolds
In this subsection we are introducing the notion of locally conformal multisymplectic man-
ifold both in global and local pictures. In 3.3 we will see the need for this introduction.
The global definition. Let P be differentiable manifold equipped with an r-form Ωθ.
We say that the form Ωθ is locally conformal multisymplectic (l.c.m-s.) r-form if it is 1-
nondegenerate and if there exists a closed one-form θ, let us name it as conformal Lee-form
inspired by [23, 34], on P satisfying
dΩθ = θ ∧ Ωθ. (36)
It is easy to depict equation (36). See that
dΩθ = d(Ω + θ ∧Θ) = d(θ ∧Θ) (37)
because dΩ = 0, recall that Ω is a multisymplectic form, i.e., it is closed. Hence,
dΩθ = dθ ∧Θ− θ ∧ dΘ = θ ∧Θ
by definition dΘ = −Ω and dθ = 0 because it is a closed one form. Notice that if we
substitute Ω by Ωθ, we maintain the same expression, since
θ ∧ Ω = θ ∧ (Ω + θ ∧Θ) (38)
because the triple wedge product θ ∧ θ ∧Θ = 0. So, we can replace θ ∧Ω by θ ∧ Ωθ in this
case and we have (36).
The triple (P,Ωθ, θ) is a locally conformal multisymplectic (l.c.m-s.) manifold, whereas the
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pair of differential forms (Ωθ, θ), is a l.c.m-s. structure. If θ is exact we say that the triple
is a globally conformal multisymplectic (g.c.m-s.) manifold.
The local definition. In a local picture, a locally conformal multisymplectic structure
may be encoded in an open covering {UA} of P , and a set of real valued functions σA on
each chart so that the local r-form e−σAΩθ|A is closed. Here, Ωθ|A denotes the restriction
of the l.c.m-s. form Ωθ to the open set UA. Accordingly, we define local k-forms on each UA
by
ΩA := e−σAΩθ|A. (39)
Notice that, these local forms are closed and 1-nondegenerate. That is, each pair (UA,ΩA) is
a (local) multisymplectic manifold. The definition in (39) also determines that the restriction
θ|A of the conformal Lee-form to the open neighbourhood UA is precisely equal to the
exterior derivative dσA of the local function σA. On the other hand, if we glue the local
multisymplectic r-forms ΩA, they result in a (real) line bundle L 7→ P valued r-form Ω˜ on
P . Eventually, we have two global forms on P , namely a real valued r-form Ωθ and a line
bundle valued r-form Ω˜. We denote the local realizations of these forms as Ωθ|A and ΩA,
respectively. Further, these local pictures are related through (39). This observation lead
us to the local definition of l.c.m-s. manifolds. A 1-nondegenerate r-form Ω on a manifold
P is a l.c.m-s. if there exists a family of local functions σA on each element of a local
covering UA so that the local r-forms e−σAΩ are closed. In accordance with this, a manifold
P admitting such a r-form Ω is called a l.c.m-s. manifold. We have already shown that the
global definition implies the local definition. But further, we can argue that, if one starts
with the local definition, then arrives at the global definition after a gluing process.
Submanifolds.We have exhibited some distinguished submanifolds of the multisymplectic
manifolds in Subsection 2.1, namely l-isotropic submanifolds, l-coisotropic submanifolds and
l-Lagrangian submanifolds. The definitions of these submanifolds rely on l-orthogonality in
(4). So that, we can easily argue that these definitions are also valid for l.c.m-s. category as
well. But in this case, we substitute the role of the multisymplectic form Ω with a l.c.m-s
form Ωθ. In the following subsection we shall be determining l-Lagrangian submanifolds
more concretely on some particular cases of l.c.m-s. manifolds.
3.2 Examples of Locally Conformal Multisymplectic Manifolds
Here we present some immediate examples of l.c.m-s. manifolds.
L.c.m-s. structure on the bundle of k-forms. We present an example of l.c.m-s. man-
ifold in terms of the bundle ΛkN of k-forms on a manifold N . Recall the canonical forms Θ
and Ω on ΛkN given in (5) and (6), respectively. ΛkN admits a l.c.m-s. structure. Actually,
there is a nice characterization of this canonical l.c.m-s. structure. To this end, we consider
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a closed one-form ϑ on N then, by pulling this form back to ΛkN via ζ : ΛkN 7→ N , define
a closed one-form θ = ζ∗ϑ. We define the Lichnerowicz differential using this one form by
dθζ := dζ + θ ∧ ζ (40)
where d denotes the exterior (deRham) derivative. Here, ζ is a differential form. Notice that
dθ is a differential operator of order 1. We refer [16, 17] for more details on the Lichnerowicz
differential. For the present purpose, we determine a k + 1-form on ΛkN as follows
Ωθ := −dθΘ = −dΘ+ θ ∧Θ = Ω+ θ ∧Θ, (41)
Now, it is a matter of a direct calculation to show that the triple (ΛkN,Ωθ, θ) is a l.c.m-s.
manifold with the conformal Lee-form θ.
L.c.m-s. structure on the space of two-horizontal forms. Let (E, pi,M) be a fiber
bundle over the baseM . Recall the space of two-horizontal m-forms (Λm2 E, τ¯ ,M) defined in
(7). The total space Λm2 E is equipped with the canonical m-form Θ2, and the multisymplec-
tic (m+1)-form Ω2 with local characterizations (11). We refer once more the commutative
diagram given in (10). Now, take a closed one-form ϑ on the base manifold M , then pull
this form back to Λm2 E by means of the projection τ¯ . We denote this one-form by θ = τ¯
∗ϑ.
Then, by employing the Lichnerowicz differential dθ, define an (m+ 1)-form
Ω2,θ := −dθΘ2. (42)
Notice that Ω2,θ is a l.c.m-s. structure on Λm2 E with the Lee-form θ. We denote this l.c.m-s.
manifold as
Λm2 Eθ := (Λ
m
2 E,Ω2,θ, θ). (43)
There exists a nice interpretation of Lagrangian submanifolds of l.c.m-s. manifolds in this
particular case. For this, referring to the diagram (29), consider a section γ¯ of the fibration
νˆ of Λm2 E. Let us pull the Lee-form θ by means of this section. So that we compute
γ¯∗θ = γ¯∗(pi ◦ ν)∗ϑ = (pi ◦ ν ◦ γ¯)∗ϑ = ϑ. (44)
Now we pull the l.c.m-s. (k + 1)-form Ω2,θ by γ¯, this gives
γ¯∗Ω2,θ = −γ¯
∗dθΘ2 = −γ¯
∗(dΘ2 − θ ∧Θ2) = −(dγ¯ − γ¯∗θ ∧ γ¯∗Θ2)
= −dγ¯ + ϑ ∧ γ¯ = −dϑγ¯.
(45)
where we have employed the identities in (6) in the fourth equality, and the Lichnerowicz
differential dϑ := d − ϑ∧ in the last equality. An immediate conclusion from (45) is that
a form γ¯ is closed with respect to the Lichnerowicz differential dϑ if and only if γ¯∗Ω2,θ
vanishes identically. Therefore, we obtain that the image of γ¯ is a Lagrangian submanifold
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of ΛkθE if and only if it is closed with respect to the Lichnerowicz differential dϑ.
3.3 Hamiltonian Dynamics on Locally Conformal Multisymplectic Man-
ifolds
In this subsection, we present the gluing problem of local HDW equations and give an
answer to it. These discussions will also exhibit the motivation of the introduction of l.c.m-
s. To this end, consider a fiber bundle (E, pi,M) and the multi-momentum bundle Λm2 E
which is canonically multisymplectic. Let us start with a set {UA} of open charts for the
base manifold M , and then determine the family {VA} of open sets covering Λm2 E. Here, a
local chart VA is defined to be the pre-image τ¯−1(UA) of UA. This induces a local projection
τ¯A from VA to UA as well. On each chart VA, assume local multisymplectic forms ΩA, and
define local Hamiltonian sections HA from VA to Λm+1UA. A critical point ofHA is a section
φA of the projection τ¯ that satisfies
φ∗AιXA(ΩA + dHA) = 0, (46)
for any vector field XA on VA. Equation (46)is the HDW equation given in (14) but in
the local chart VA. As we glue these pieces local dynamics in order to arrive at a global
picture, we need to impose the invariance of the dynamical equations. This implies that
the local sections φA’s are global. Then the gluing problem consists on determining which
is the most general global geometry admitting such a local realization. In the conformal
case, this result is more general than in global multisymplectic manifolds. Actually, after
performing such an analysis one arrives at the locally conformal multisymplectic category
introduced in Subsection 3.1. Let us depict this in more detail in terms of the dynamical
equations.
HDW equations on l.c.m-s. manifolds. Consider two local dynamics in the non-trivial
intersection VA∩VB of two charts. We search here a passage between the two local dynamics.
For this, we start by multiplying (46) by a scalar λBA. This manipulation preserves the
section φA, that is φA = φB , in the coordinate change if both the multisymplectic form ΩA
and the exterior derivative dHA of the Hamiltonian section are modified by λBAΩA and
λBAdHA, respectively. Notice that, the scalars satisfy the cocyle property
λCA = λCBλBA (47)
in the nontrivial intersection of three charts VA, VB and VC . So that, the scalars can be
written as λBA = eσA−σB in terms of the local functions σA’s and σB ’s. Substitution of this
into (46) reads that
φ∗AιXA(e
σAΩA + eσAdHA) = 0. (48)
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We will examine the differential forms in this equation one by one. The family of forms
eσAΩA on each VA defines a l.c.m-s. structure (Ωθ, θ) where the local picture of the differ-
ential forms are Ωθ|A = eσAΩA and θ|A = dσA, respectively. Let us notice that
eσAdHA = d(eσAHA)− eσAθHA = dθ(e
σAHA) (49)
where we have employed the Lichnerowicz differential dθ. In the light of the cocycle
property (47), the set of local Hamiltonian sections {HA}, obeying the identification
eσBHB = eσAHA, determine a global Hamiltonian section H˜. Notice that H˜ is a section
from the multimomentum bundle Λm2 E to the total space of the line bundle L 7→ Λ
mM , and
locally H˜|A = HA. On the other hand the local sections {eσAHA} give a global Hamiltonian
section H in (13). To sum up, we have two global sections H˜ and H with local realizations,
HA and eσAHA, respectively. Eventually, by collecting all these observations, we arrive at
the locally conformal generalization of the (extended) HDW equations as follows
φ∗ιX(Ω2,θ + dθH) = 0, (50)
where Ω2,θ is l.c.m-s. (m+ 1)-form in (42).
Reduced HDW equation on l.c.m-s. manifolds. It is possible to carry this formulation
to the reduced HDW on J1pi∗. Referring to the relationship (13) between Hamiltonian
sections and Hamiltonian densities, we define an (m+ 1)-form on J1pi∗ by
(Ωθ)h := h
∗(Ω2,θ + dθH) = h
∗Ω2,θ (51)
The Lee form for (Ωθ)h is θh. This is easy to see, since
(Ωθ)h = h∗Ωθ = h∗Ω+ h∗θ ∧ h∗Θ,
this reads
(Ωθ)h = Ωh + θh ∧Θh, that is, by definition equal to − dθΘh.
So, θh is a Lee form for (Ωθ)h.
A critical point of h is a section φ : M → J1pi∗ which is a solution of the reduced HDW
equations if
φ∗ιX(Ωθ)h = 0, (52)
for any vector field X on J1pi∗. If the local picture of the Lee-form is θ = θidxi and, locally,
φ(x) = (xi, ∂φα(x), ∂φiα(x)) then the locally conformal HDW equation (52) can be written
as
∂φα
∂xi
=
∂H
∂piα
◦ φ,
∂φiα
∂xi
= −
∂H
∂uα
◦ φ+ θiφiα. (53)
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Lemma 3 The equation
φ∗ιX(Ωθ)h = 0 (54)
holds for any vector field X on J∗pi if and only if it holds for any vector field Y : J1pi∗ → Vτ .
HDW equation in terms of a connection. In Subsection 2.2, we have presented the
HDW equation in three different formulations, whereas the Hamilton-Jacobi formalism in
Subsection 2.3 was given through a Ehresmann connection. Accordingly, we now present
the locally conformal HDW equation in terms of an Ehresmann connection and in the
following subsection we shall be writing the corresponding HJ formalism. For this, we start
by introducing an Ehresmann connection for the bundle J1pi∗ → M and we employ a
horizontal distribution H satisfying (18). Let h be the associated horizontal projector for
H mapping a tangent vector in T J1pi∗ to its horizontal part in H.
Theorem 3 If the horizontal projector h of an Ehresmann connection satisfies
ih(Ωθ)h = (m− 1)(Ωθ)h (55)
than each integral section of h is a solution of the locally conformal HDW equation (52).
Proof of Theorem 3. The proof of the above theorem is just a matter of a direct calcula-
tion. We present this in terms of the coordinates. Recall the local picture of the horizontal
projector h in (24). In these coordinates, the (m+ 1)-form (Ωθ)h determined in (51) turns
out to be
(Ωθ)h =
( ∂H
∂uα
− θip
i
α
)
duα ∧ dmx+
∂H
∂pαi
dpαi ∧ dmxdH ∧ dmx− dp
i
α ∧ du
α ∧ (∂iydmx). (56)
Then contraction of this form with the projector (24) is computed to be
ιh(Ωθ)h =
(
m
∂H
∂uα
+ Γjαj −mθip
i
α
)
duα ∧ dmx+
(
m
∂H
∂piα
− Γαi
)
dpiα ∧ dmx
− (m− 1)dpiα ∧ du
α ∧ (∂iydmx)
(57)
Notice that the equation in (55) is exactly the local equations
Γαi =
∂H
∂pαi
, Γjαj = −
∂H
∂uα
+ θipiα. (58)

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3.4 A Hamilton-Jacobi Theory for L.c.m-s. Hamiltonian Dynamics
We have presented the Hamilton-Jacobi theorem 2 for the HDW equations in Subsection
2.3. In this section, we aim at to generalize this theory to the Hamiltonian dynamics on
l.c.m-s. manifolds. Consider a connection h in the bundle J1pi∗ and, by employing a section
γ¯, define a connection hγ in the same way as in (27). For a more detailed discussion of
a Hamilton-Jacobi theorem on a locally conformal symplectic manifolds one can see [11].
Here is a generalization of Lemma 2.
Lemma 4 If σ is an integral section of hγ and η : E → J1pi∗ a section. Then
(η ◦ σ)∗ιZ(Ωθ)h = 0
for any vector field Z : J1pi∗ → Vν.
We will present now a generalization of a Hamilton-Jacobi theorem to a locally conformal
multisymplectic setting.
Theorem 4 Assume that γ¯ is a closed section and that the section γ = µ ◦ γ¯ induces a flat
connection hγ on E →M . Then the following conditions are equivalent:
1. If σ is an integral section of hγ , then γ ◦ σ is a solution of the conformal Hamilton
equations
φ∗(ιX(Ωθ)h) = 0
2. The (m+ 1)-form h ◦ γ is closed with respect to Lichnerowicz differential
dϑ(h ◦ γ) = 0.
Proof of Theorem 4. (1) =⇒ (2): Let us assume now that σ is an integral section of
hγ and γ ◦ σ is a solution of (52). First of all, if the connection hγ is flat we can consider
an integral section σ of it. The condition that γ ◦ σ is a solution of Hamilton equations is
equivalent to stating that µ ◦ γ ◦ σ is an integral section of the connection h. In particular
we have
(γ ◦ σ)∗(ιX(Ωθ)h) = 0
for any vector field X on J1pi∗. We have to show now that the form h ◦ γ : E → Λm2 E is
closed. For any (w1, ..., wm+1) tangent vectors on M we have, for Tˆwi = T (γ ◦ σ)wi, and
T˜wi = T (h ◦ γ ◦ σ)wi,
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(γ ◦ σ)∗(ιX(Ωθ)h)(w1, ..., wm+1) = (ιX(Ωθ)h)
(
Tˆw1, ..., Tˆ wm+1
)
= (Ωθ)h
(
X, Tˆw1, ..., Tˆ wm+1
)
= Ω2,θ
(
h∗X, T˜w1, ..., T˜ wm+1
)
that is equal to zero. The above equation is satisfied by any vector field X on J1pi∗. In
particular we can consider a vector field of the form X = γ∗(S) where S is any vector field
(vertical or not) on E. Then we have
Ω2,θ
(
h∗X, T˜w1, ..., T˜ wm+1
)
=(h ◦ γ)∗Ωθ
(
S, Tσ(w1), ..., Tσ(wm+1)
)
=− dϑ(h ◦ γ)
(
S, Tσ(w1), ..., Tσ(wm+1)
)
The condition that γ is a closed form guarantees that dϑ(h◦γ) is still a two-horizontal form
which means that contracted with two vertical vectors gives zero. Therefore, we obtain
dϑ(h ◦ γ) = 0.
(2) =⇒ (1): Assume now that (2) holds i.e. dϑ(h ◦ γ) = 0 and that σ is an integral section
of hγ . We have to show that γ ◦ σ is a solution of the Hamilton equations. For any vector
field Y on M and (w1, ..., wm+1) being tangent vectors on M we have
dϑ(h ◦ γ)
(
S, Tσ(w1), ..., Tσ(wm+1)
)
= −(h ◦ γ)∗Ω2,θ
(
S, Tσ(w1), ..., Tσ(wm+1)
)
= −(γ)∗(Ωθ)h
(
S, Tσ(w1), ..., Tσ(wm+1)
)
= −(γ)∗ιX(Ωθ)h
(
Tσ(w1), ..., Tσ(wm+1)
)
= 0
where X = γ∗S and in the second equality we used (6). Next we have
(γ)∗ιX(Ωθ)h
(
Tσ(w1), ..., Tσ(wm+1)
)
= (γ ◦ σ)∗ιX(Ωθ)h
(
w1, ..., wm+1
)
.
Therefore we obtain
(γ ◦ σ)∗ιX(Ωθ)h = 0,
for any vector fieldX = γ∗S. What is more, from Lemma 1 we know that the above equation
is satisfied by any vector field Z : J1pi∗ → V(pi ◦ ν¯). Therefore, it implies that γ ◦ σ is a
solution of the Hamilton equations. 
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4 Examples
4.1 Conformal time-dependent mechanics
An example to illustrate our theory is the gluing problem of time-dependent systems. In
this case, we consider the product manifold E = R ×M with a trivial fibration over the
base space M . We choose t as the real variable in R, and the local coordinates (t, uα) on E.
Any section σ is σ(t) = (t, σα(t)). We introduce coordinates (t, uα, uαt ) in J
1pi, (t, uα, p, ptα)
in the multimomentum bundle Λm2 E, hence (t, u
α, ptα) in J
1pi∗. From now on we will skip
index t in ptα for the sake of the simplicity of the notation. The first jet of φ in coordinates
reads (t, φα, φαt ). We consider a system described by the Hamiltonian section
h(t, uα, pα) =
(
t, uα,−
1
2
δαβpαpβ, pα
)
where H(t, uα, pα) = 12δ
αβpαpβ is a Hamiltonian function. The Hamiltonian density is
therefore given by
H(t, uα, pα) = p+H(t, uα, pα) =
(
p+
1
2
δαβpαpβ
)
dt
The Liouville and multisymplectic forms are
Θ2 = pdt+ pαduα, Ω2 = −dp ∧ dt− dpα ∧ duα. (59)
Let us take a closed one form ϑ = ϑtdt. We have θ = (pi ◦ ν)∗ϑ. In coordinates θ = θtdt,
where ϑt = θt. The condition that θ is closed is fulfilled automatically. The locally conformal
multisymplectic form is
Ω2,θ = −dθΘ2 = Ω2 + θ ∧Θ2 = −dp ∧ dt− dpα ∧ duα + θipαduα ∧ dt.
The equation φ∗ιX(Ωθ)h = 0 results in the system
∂σα
∂t
= pα,
∂pα
∂t
= θtpα.
We move now to the HJ problem. We start with a closed section
γ¯(t, uα) = ρ(t, uα)dt+ γα(t, uα)duα.
The assumption of the theorem is that γ¯ is closed, which implies that
dγ¯ =
∂ρ
∂uα
duα ∧ dt−
∂γα
∂t
duα ∧ dt+
∂γα
∂uβ
duβ ∧ duα = 0
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and this is equivalent to
∂ρ
∂uα
−
∂γα
∂t
= 0,
∂γα
∂uβ
−
∂γβ
∂uα
= 0.
The condition i) says that σ is an integral section of hγ which, in coordinates, reads
∂σα
∂t
= pα.
On the other hand, if a section
µ ◦ γ¯ ◦ σ : M → J1pi∗, µ ◦ γ¯ ◦ σ(xi) = γα(t, σα(t))duα
is a solution of the locally conformal HDW equations (53) then
∂σα
∂t
= pα,
∂γα
∂t
= −pβ
∂γβ
∂uα
+ θtγα. (60)
To see condition ii), the section h ◦ µ ◦ γ is
h ◦ µ ◦ γ¯(t, uα) = h
(
t, uα, γα(t, uα)
)
= −H(t, uα, pα)dt+ γα(t, uα)duα,
and the Lichnerowicz differential gives
dϑ(h ◦ µ ◦ γ¯) =
(
−
∂H
∂uα
−
∂H
∂pβ
∂γβ
∂uα
−
∂γα
∂t
+ ϑtγα
)
duα ∧ dt+
∂γα
∂uβ
duβ ∧ duα = 0.
Therefore we obtain that condition ii) in coordinates is rewritten as
− pβ
∂γβ
∂uα
−
∂γα
∂t
+ ϑt(t)γα = 0,
∂γα
∂uβ
−
∂γβ
∂uα
= 0. (61)
Let us notice that the second equation is fulfilled under the assumption that γ is a closed
section while the first one is the second equation in (60). It is easy to see then that both of
the conditions from HJ theory are indeed equivalent.
4.2 Conformal N-scalar field
Another example of our theory is the case of a conformal generalization of a theory of N free
scalar fields. A set of N scalar fields φ is a section of a trivial bundle E =M×RN →M i.e.,
σ : M →M ×RN , such that σ(xi) = (xi, σα(xi)). We introduce coordinates (xi, uα, uαi ) in
J
1pi, (xi, uα, p, piα) in Λ
m
2 E, and (x
i, uα, piα) in J
1pi∗. The first jet of φ in coordinates reads
(xi, σα, σαi ). We assume that the manifold M is equipped with a metric tensor g which
defines a volume form
√
det |g|dmx on M . The Lagrangian density of a scalar field theory
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is a map
L : J1pi → ΛmM, L(xi, uα, uαi ) =
1
2
gijuαi u
α
j
√
det |g|dmx
where L(xi, uα, uαi ) =
1
2g
ijuαi u
α
j
√
det |g| is a Lagrangian function, i.e., L = Ldmx. The
hamiltonian section associated with L reads
h(xi, uα, piα) =
(
xi, uα,−
1
2
1√
det |g|
gijp
i
αp
j
α, p
i
α
)
whereH(xi, uα, piα) =
1
2gijp
i
αp
j
α(1/
√
det |g|) is the corresponding Hamiltonian function. The
Hamiltonian density is therefore given by
H(xi, uα, piα) = p+H(x
i, uα, piα) =
(
p+
1
2
gijp
i
αp
j
α
1√
det |g|
)
dmx
The Liouville and multisymplectic forms look exactly the same as the ones in (11). Let
us take a closed one form ϑ = ϑidxi on M . We have θ = (pi ◦ ν)∗ϑ. In coordinates,
θ = θidxi, where ϑi = θi and the condition that θ is closed in coordinates is equivalent to
∂θi/∂x
j = ∂θj/∂xi. The locally conformal multisymplectic form is
Ω2,θ = −dθΘ2 = Ω2 + θ ∧Θ2 = −dp ∧ dmx− dp
i
α ∧ du
α ∧ (∂iydmx) + θipiαdu
α ∧ dmx.
The locally conformal HDW equation (52) turns out to be
∂σα
∂xi
=
1√
det |g|
gijp
j
α,
∂piα
∂xi
= θipiα. (62)
Let us move now to the Hamilton-Jacobi problem. We start with a closed section
γ¯(xi, uα) = ρ(xi, uα)dmx+ γiα(x
i, uα)duα ∧ (∂iydmx).
The assumption of the theorem is that γ¯ is closed which means that
dγ¯ =
∂ρ
∂uα
duα ∧ dmx−
∂γiα
∂xi
duα ∧ dmx+
∂γiα
∂uβ
duβ ∧ duα ∧ (∂iydmx) = 0.
This gives that
∂ρ
∂uα
−
∂γiα
∂xi
= 0,
∂γiα
∂uβ
−
∂γiβ
∂uα
= 0.
The condition i) says that σ is an integral section of hγ which, in coordinates, becomes
∂σα
∂xi
=
1√
det |g|
gijp
j
α.
On the other hand, if a section
µ ◦ γ¯ ◦ σ :M → J1pi∗, µ ◦ γ¯ ◦ σ(xi) = γiα(x
i, σα(xi))duα ∧ (∂iydmx)
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is a solution of the conformal Hamilton equations (53) then
∂σα
∂xi
=
1√
det |g|
gijp
j
α,
∂γiα
∂xi
= −
1√
det |g|
gijp
j
β
∂γiβ
∂uα
+ θiγiα. (63)
Let us write the second condition in HJ theorem. In coordinates, the section h ◦ µ ◦ γ¯ is
h ◦ µ ◦ γ¯(xi, uα) = h
(
xi, uα, γiα(x
i, uα)
)
= −H(xi, uα, γiα(x
i, uα))dmx+ γiα(x
i, u)duα ∧ (∂iydmx)
(64)
and the Lichnerowicz differential of it reads
dϑ(h ◦ µ ◦ γ¯) =
(
−
∂H
∂uα
−
∂H
∂piβ
∂γiβ
∂uα
−
∂γi
∂xi
+ θiγiα
)
duα ∧ dmx
+
∂γiα
∂uβ
duβ ∧ duα ∧ (∂iydmx) = 0.
(65)
Therefore, the Hamilton–Jacobi equation reads:
1√
det |g|
gijp
j
β
∂γiβ
∂uα
+
∂γiα
∂xi
− ϑi(xj)γiα = 0,
∂γiα
∂uβ
−
∂γiβ
∂uα
= 0. (66)
For N = 1 one obtains a theory of a free scalar field.
5 Cauchy data space on a locally conformal multisymplectic
manifold.
The Cauchy data space allows us to relate the finite-dimensional and the infinite-dimensional
formulation of field theory. It was shown in [4] that the Hamilton-Jacobi theory for multi-
symplectic manifolds can be formulated in the Cauchy space, so here we show an extension
of this construction to the locally conformal multisymplectic framework.
5.1 A space of Cauchy data
Cauchy surface. Assume that there is a slicing of the base manifold M into the Cartesian
product of R and a compact, oriented and embedded submanifold Σ, called Cauchy surface
[24, 32]. We determine this by the following diffeomorphism
χM : R× Σ→M, (t, y) 7−→ χM(t, y). (67)
Here, we consider that t is a global coordinate chart for R. Define a vector field ξM on M ,
that is an infinitesimal generator of the diffeomorphism χM , by pushing the vector field
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∂/∂t on R by the slicing mapping (67), that is
ξM = (χM )∗
∂
∂t
∈ X(M). (68)
The slicing diffeomorphism manifests that the dimension of M is equal to m = n + 1
where n is the dimension of Σ. We further assume the existence of a volume form ηΣ on
Σ decomposing the volume form η on M as a product dt ∧ ηΣ, and that the area of the
Cauchy surface is the unit under the measure ηΣ. As it can easily be predicted the existence
of such geometries is not guaranteed for an arbitrary volume manifold. Nevertheless, we
omit a detailed discussion of topological properties that ensure this, and assume that any
functional analytic obstruction is automatically satisfied.
For each fixed t in R the slicing (67), we define an embedding (χM )t of Σ in M . Assume
also that there exists t0 in R such that the image space (χM )t0(Σ) is precisely Σ. We
denote all possible embeddings of Σ into the product manifold M by M˜ . Notice that, M˜
is diffeomorphic to R. We are interested in studying these embeddings, the so-called χ-
sections, of the Cauchy surface into the total spaces of the bundles exhibited in the right
hand side of diagram (10).
Manifolds of embeddings, E˜ and J˜1pi∗. We define the space of the projection pi as
follows
E˜ := {σΣ(t) : Σ→ E | ∃t ∈ R such that pi ◦ σΣ(t) = (χM )t}. (69)
It is obvious that E˜ is not a finite dimensional manifold, since it is a manifold of mappings
(embeddings) [22, 29]. Similarly to (69), we define the manifold J˜1pi∗ of embeddings of Σ as
the space of sections φ of the fibration τ : J1pi∗ 7→M projecting to (χM )t for some t that is
J˜1pi∗ := {φΣ(t) : Σ→ J1pi∗ | ∃t ∈ R such that τ ◦ φΣ(t) = (χM )t}. (70)
The following diagram summarizes the definitions (69) and (70) done for the elements of
the manifolds of embeddings E˜ and J1pi∗. Referring to the right hand side of diagram (29),
we plot
J
1pi∗
ν

τ

E
γ
AA
pi

Σ
σΣ(t)
55
φΣ(t)
;;
(χM )t
//M
σ
AAφ
>> (71)
It is immediate to observe from this diagram that, from a section σ of the fibration pi, one
can define an element σΣ(t) of E˜ by a composition σ ◦ (χM )t. Additionally, a section φ of τ
induces an element φΣ(t) by φ◦ (χM )t. The inverses of these statements are also true. That
is, elements of E˜ and J˜1pi∗ determine sections of pi and τ , respectively. This is a crucial
27
observation, since it is enabling us to formulate an infinite dimensional framework.
Bundles of E˜ and J˜1pi∗. We can define a map projecting an embedding σΣ(t) in E˜ to the
real number t satisfying the definition in (69), that is, one has the following fibration
p˜i : E˜ −→ M˜ ∼= R, σΣ(t) 7→ t. (72)
Since the base manifold M˜ is diffeomorphic to R, a section of p˜i is a differentiable curve.
We denote a section by σΣ : R → E˜. For a real number t, every value σΣ(t) of σΣ is an
embedding of Σ into E satisfying definition (69).
By mimicking the procedure done in the case of E˜, we define a bundle structure
τ˜ : J˜1pi∗ 7→ M˜ ∼= R, φΣ(t) 7→ t. (73)
As in the previous case, a section of τ˜ is a curve in J˜1pi∗. We denote a section by φΣ : R 7→
J˜1pi∗, where at each point t, φΣ(t) turns out to be an embedding of Σ into J1pi∗ satisfying
the definition (70). Notice that, referring to the bundle ν : J1pi∗ 7→ E, we can construct a
fibration
ν˜ : J˜1pi∗ 7→ E˜, φΣ(t) 7→ ν ◦ φΣ(t). (74)
Starting with a section γ of the projection J1pi∗ → E, we define a section γ˜ of J˜1pi∗ → E˜
through the equation
γ˜ : E˜ −→ J˜1pi∗, σΣ(t) 7→ γ ◦ σΣ(t). (75)
We show a diagram illustrating the fibrations and the sections. The following diagram and
the one in (71) are complementing each other, while fixing finite and infinite dimensional
objects.
J˜1pi∗
ν˜

τ˜

E˜
p˜i

γ˜
ff
M˜ ∼= R
σΣ
ggφΣ
:: (76)
Tangent spaces of E˜ and J˜1pi∗. One can define tangent vectors and differential forms
on E˜ as follows. A tangent vector X˜ in TσΣ(t)E˜ is a differentiable map Σ → TE in the
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following commutative diagram.
TE˜
Tpi //

TM

Σ
(χM )t
88σΣ(t)
//
X˜
88qqqqqqqqqqqqq
E˜
X
]]
pi //M
ξM
]] (77)
Let α be a (k + n)-form on E. Then, a k-form α˜ on E˜ is defined to be
α˜(σΣ(t))(X˜1, . . . , X˜k) =
∫
Σ
σΣ(t)∗(ιX˜1∧···∧X˜kα). (78)
As a particular instance, we can define a one-form η˜ on E˜ referring to the volume (n+ 1)-
form η. See that, in this case, η˜ coincides with p˜i∗dt. Similarly, an element Y˜ of the tangent
space TφΣ(t)J˜
1pi∗ is a differentiable mapping Y˜ : Σ 7→ T J1pi∗ projecting to φΣ(t).
TJ˜1pi∗
Tpi //

TM

Σ
(χM )t
77
σΣ(t)
//
X˜
77♣♣♣♣♣♣♣♣♣♣♣♣♣♣
J˜1pi∗
X
\\
pi //M
ξM
\\ (79)
It is important for the present discussion to note also that the following relationship holds
for the exterior derivative [4, 24]
dα˜ = d˜α, (80)
for any differential form α. So, we can define a two-form Ω˜h on J˜1pi∗ by employing this
definition in the multisymplectic (m+1)-form Ωh, defined in (16). Hence (J˜1pi∗, Ω˜h) becomes
a presymplectic manifold due to identity (80).
Local realizations. We choose coordinates (t, x1, ..., xn) on M such that locally Σt’s
are given by the level sets of t. For the total spaces, this induces local coordinates
(t, xi, uα, ptα, p
i
α) on J
1pi∗, and (t, xi, uα, p, ptα, p
i
α) on Λ
n+1
2 E. A point in E˜ is given by spec-
ifying functions uα(·) that depend on the coordinates on Σt, i.e. (xi), i = 1, ..., n whereas
points of J˜1pi∗ and Λ˜n+12 E are given by specifying functions p
t
α(·), p
i
α(·) and p(·) that depend
on (xi). So, elements of E˜, J˜1pi∗, and Λ˜n+12 E are respectively given by
(t, uα(·)) ∈ E˜, t ∈ R, uα = uα(x1, ..., xn),
(t, uα(·), ptα(·), p
i
α(·)) ∈ J˜1pi∗,
(t, uα(·), p(·), ptα(·), p
i
α(·)) ∈ Λ˜
n+1
2 E.
(81)
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5.2 Dynamics on the space of Cauchy data and HJ theory
Recall the presymplectic manifold (J˜1pi∗, Ω˜h) defined in the previous subsection. Now, by
referring to the identifications given between finite and infinite dimensional frameworks, we
write the HDW dynamics in terms of the manifold of embeddings [4].
Theorem 5 A section φ is a solution of HDW equation (15) if and only if the corresponding
mapping φΣ(t) verifies
ιφ˙Σ(t)Ω˜h = 0. (82)
As it is shown in Subsection 2.2, it is possible to recast HDW equations in terms of Ehres-
mann connections. In the present infinite dimensional version, to refer to an Ehresmann
connection (18), we employ h as a horizontal lift operator, see (21), from sections of the tan-
gent bundle TM to sections of the tangent bundle TJ1pi∗. Accordingly, for an Ehresmann
connection h, we define a vector field X˜h on J˜1pi∗ as follows:
X˜h : J˜1pi∗ −→ T J˜1pi∗, φΣ(t) 7→ X˜h(φΣ(t)), (83)
where X˜h(φΣ(t)), is an element of TφΣ(t)J˜
1pi∗, and it is a differentiable mapping
X˜h(φΣ(t)) : Σ −→ TJ1pi∗, y 7→ h(ξM ◦ χM (t, y)). (84)
Here, χM is the slicing operator in (67) whereas ξM is the infinitesimal generator in (68). In
the same way we can construct a vector field X˜h
γ
on E˜ by employing the induced connection
hγ , defined in (27), on E. Accordingly,
X˜h
γ
: E˜ −→ TE˜, σΣ(t) 7→ X˜h
γ
(σΣ(t)), (85)
where X˜h
γ
(σΣ(t)), being an element of TσΣ(t)E˜, is a differentiable mapping
X˜h
γ
(σΣ(t)) : Σ −→ TE, y 7→ hγ(ξM ◦ χM (t, y)). (86)
It is possible to see from the definition of the reduced connection hγ in (27) that by pushing
the vector field X˜h forward via the projection ν˜ (see diagram (76)), one arrives precisely
at the vector field X˜h
γ
.
Hamilton-Jacobi problem. Notice that in the infinite dimensional case there is no no-
tion of a Hamilton-Jacobi equation, and neither of its solution. Therefore, our idea is to
extrapolate this definition from the finite-dimensional case using the properties that admit
such an extrapolation. Accordingly, recall Hamilton-Jacobi Theorem 2 for multisymplectic
Hamiltonian systems. Assume that γ is a solution of this Hamilton-Jacobi problem. Then,
according to the definition in (75), we can determine a section γ˜ of the fibration J˜1pi∗ 7→ E˜.
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The following theorem states the properties of such a section [4].
Theorem 6 A section γ˜, defined through (75) using a solution γ of Hamilton-Jacobi prob-
lem 2, satisfies the following two conditions:
1. γ˜∗Ω˜h = 0,
2. ι
γ˜∗X˜h
γ Ω˜h|σΣ = 0 for all σΣ.
5.3 Locally conformal dynamics on the space of Cauchy data and HJ
theory
Here, we are generalizing Hamiltonian dynamics and the associated HJ theory presented in
Subsection 5.2 for the case of locally conformal geometry. Our first observation here is the
following.
Lemma 5 Referring to the vector field X˜h in (83),
ι
X˜h
(Ω˜θ)h = 0, ιX˜h η˜ = 1, (87)
where (Ω˜θ)h and η˜ are differential forms on J1pi∗ obtained by the method in (78), from (Ωθ)h
in (51) and the pull back volume form η, respectively.
From this lemma, we conclude that the triple (J˜1pi∗, (Ω˜θ)h, η˜) is almost precosymplectic
system, because the integrated from Ω˜h is not closed [20]. This is the main difference from
the multisymplectic setting, the rest is the same.
Now, we have a following theorem
Theorem 7 The section γ˜ satisfies:
i) γ˜∗(Ω˜θ)h = 0
ii) i
Tγ˜(σE)(X˜h
γ
)
(Ω˜θ)h = 0 for all σE ∈ E˜ which is an integral submanifold of h
γ
p˜i(σE)
.
Due to these properties, we say that γ˜ is a solution of a Hamilton- Jacobi equation in an
infinite dimensional setting.
The proof is a straightforward generalization of Proof 5.4 in [4]. It is shown in [24] that
γ˜∗(Ω˜θ)h = ˜γ∗(Ωθ)h. This means that for γ being a solution of a HJ theorem, we have
γ∗(Ωθ)h = dϑ(h ◦ µ ◦ γ) = 0, so that i) holds.
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Proof for ii) will be done in coordinates. Assume that γ is given by an expression
γ(t, xi, uα) = (t, xi, uα, γp(t, xi, uα), γptα(t, x
i, uα), γpiα(t, x
i, uα))
and uα ◦ σE = σαE. So
T γ˜(X˜(σE)) =
∂
∂t
+ Γα0 (γ˜(t, σ
α
E(·)))
∂
∂uα
+
(∂γtα
∂t
+
∂γtα
∂uβ
Γβ0 (γ˜(t, σ
α
E(·))
) ∂
∂ptα
+
+
(∂γiα
∂t
+
∂γiα
∂uβ
Γβ0 (γ˜(t, σ
α
E(·))
) ∂
∂piα
and
i
Tγ˜(σE)(X˜h
γ
)
(Ω˜θ)h = i
Tγ˜(σE)(X˜h
γ
)
Ω˜h − iTγ˜(σE)
˜h∗θ ∧Θ
An easy computation shows that for any p˜io1-vertical tangent vector ξ˜ ∈ Tγ˜(σE)J˜
1pio
ξ˜ = ξuα(·)
∂
∂uα
+ ξptα(·)
∂
∂ptα
+ ξpiα(·)
∂
∂piα
by the definition of (Ω˜θ)h, the expression (Ω˜θ)h
(
T γ˜(σE)(X˜h
γ
), ξ˜
)
reads
(Ω˜θ)h
(
T γ˜(σE)(X˜h
γ
), ξ˜
)
=
∫
Σ
ξuα
(
−
∂γiα
∂xi
−
∂γiα
∂uβ
∂σβE
∂xi
−
∂γ0α
∂t
−
∂γ0α
∂uβ
Γβ0 −
∂H
∂uα
+ θipiα
)
dmx+
+
∫
Σ
ξpiα
(∂σαE
∂xi
−
∂H
∂piα
)
dmx+
∫
Σ
ξptα
(
−
∂H
∂ptα
+ Γα0
)
dmx
The second and the third term vanish because σE is an integral submanifold of a restricted
connection and because Γα0 =
∂H
∂ptα
. To show that the first term is equal to zero let us notice
that the condition dϑ(h ◦ µ ◦ γ) = 0 implies in coordinates.
∂H
∂uα
+
∂H
∂piβ
∂γiβ
∂uα
+
∂H
∂p0β
∂γ0β
∂uα
+
∂γi
∂xi
−
∂γ0
∂t
+ θiγiα = 0 (88)
Now using again the fact that ∂σ
β
E
∂xi
= ∂H
∂pi
β
and that dγ = 0 one obtains that the first term
is equal to the left-hand side of (88). .
6 Conclusion and future work
In this paper we have studied the problem of conformal classical fields in finite and infinite
dimensional manifolds. For the finite case, we have used the multisymplectic setting, and
for the infinite dimensional case we have introduced the Cauchy data space. The novelty of
this work is the introduction of the concept of locally conformal multisymplectic manifolds,
as well as to derive a Hamilton-Jacobi theory to solve the dynamics of conformal fields.
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This Hamilton-Jacobi theory is developed in the conformal multisymplectic framework and
in the Cauchy data space. These results are applied to two examples: conformal time-
dependent mechanics and free conformal scalar fields. In forthcoming papers we aim at
developing a discretization of this theory, starting from a discrete Hamilton-Jacobi theory on
a multisymplectic manifold. This result will succeed in its applicability in real physical field
theories. For example, you can have a field equation as the heat equation on a continuous
space, or you can discretize space having values on the vertices of a graph, with the emergent
topology determined by the graph’s structure. This is common in engineering simulations
of heat equations.
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